We present an approach of constructing invariants under local unitary transformations for multipartite quantum systems. The invariants constructed in this way can be complement to that in [Science 340 (2013) As the characteristic trait of quantum theory, quantum entanglement has been extensively studied in recent years. One approach to study the multipartite quantum entanglement is to study the local unitary (LU) invariants of the system. Actually, there are many characters related to the quantum entanglement, such as the degree of entanglement [1, 2] , the maximal violations of Bell inequalities [3] [4] [5] [6] and the teleportation fidelity [7, 8] 
states having eigenvalues with multiplicity of no more than 2. Recently, we have given a complete classification under LU operation for multi-qubit quantum states [20] , which also supplies a numerically computable protocol to detect the LU equivalence of any two multiqubit mixed states. In [21] the case for multipartite system is studied and a complete set of invariants is presented for a class of mixed states. The authors in [22] have derived a set of invariants by using the partial transpose and realignment. However, generally a complete set of LU invariants is still missing. In this paper, we construct invariants under local unitary transformation for multipartite quantum systems. We further show by examples that these invariants are computable and can be used as criterion for detecting local unitary equivalence of degenerating quantum states.
Consider a pure quantum state ρ = |ψ ψ| in multipartite quantum system H 1 ⊗
We first recall some results in [23] . Let ρ i = T rˆiρ, i = 1, 2, · · · , N, be the one-body reduced matrices of ρ, where T rˆi denotes the trace over all the subsystems except the ith. Denote S = {λ
} the set of all the eigenvalues of ρ i . Walter et. al showed that S is in fact a convex polytope which represents an entanglement class. If the collection of eigenvalues S of the one-body reduced density matrices of a pure quantum state does not lie in an entanglement polytope, then the state does not belong to the corresponding entanglement class. The elements in the set S are just the invariants of ρ = |ψ ψ| under local unitary transformation. In the following we present a set of invariants under local unitary transformation that is complement to S, by using the idea in constructing invariants of bipartite systems [21] . The invariants obtained in this way are independent of the detailed spectral expressions of a density matrix. Let ρ ij , 1 ≤ i = j ≤ N, denote the reduced density matrices with rank r ij of a pure state ρ, acting on H i ⊗ H j . The spectral decomposition of ρ ij is represented as
where Λ ij k , k = 1, 2, ..., r ij , are the eigenvalues of ρ ij , with the corresponding eigenvectors |X 
Theorem 1: The coefficients C ij α in (2) must be the invariants of ρ under local unitary transformation, i.e. {C ij α , α = 1, ..., r ij , 1 ≤ i = j ≤ N} form a set of invariants for ρ = |ψ ψ| under local unitary transformations.
Hence we have
where r ′ ij is the rank of ρ It is obvious that if two multipartite pure states have different values for one or more invariants, they can not be LU equivalent. In the following we give two examples to compute these invariants.
Example 1: Consider the generalized GHZ state |GHZ = (cos θ, 0, 0, 0, 0, 0, 0, sin θ) T .
The two-body reduced matrices are all of the same form:
Correspondingly,
From (2) we get the LU invariants:
Example 2: The generalized W state can be written as |W = (0, α, β, 0, γ, 0, 0, 0) T , with α 2 + β 2 + γ 2 = 1. The two-body reduced matrices are of the forms:
The corresponding Ω ij are given by
Therefore we get the LU invariants of |W :
Example 3: Consider a three-qutrit pure state: Generally, we can construct local unitary invariants also from n-body (2 ≤ n ≤ N) reduced density matrices of ρ. We use the notation in [24] to define the matrix unfolding of pure states |Ψ ∈ H i 1 ⊗ H i 2 ⊗ · · · ⊗ H in with the kth index as
Here A k Let A ij k be the matrix with entries given by the coefficients of the bipartite state vector |X
For ρ = |ψ ψ| ∈ H 1 ⊗H 2 ⊗· · ·⊗H N , the k-body reduced matrices ρ i 1 i 2 ···i k are given by by tracing over all the subsystems except 
1 ≤ x ≤ r 2 I , 1 ≤ α ≤ k, are the invariants of ρ = |ψ ψ| under local unitary transformations.
From the spectral decomposition ρ I = x |X I x X I x | we derive that
Namely, The criteria in [25, 26] becomes less operational for such degenerated states. From our Theorem we have that the coefficients C To classify quantum states under local unitary transformations is a fundamental problem in the theory of quantum entanglement and correlations. We have introduced sets of invariants under LU transformations derived from the reduced matrices. Invariants from hyperdeterminants have been also constructed in [21] . However, hyperdeterminants become quite difficult to compute for systems except for three-qubit ones. The invariants proposed in this manuscript is easy to compute. Moreover, our invariants can be used to detect the LU equivalence of multipartite degenerated mixed states. Since for two multipartite mixed states ρ and ρ ′ , if they are are LU equivalent, the corresponding reduced density matrices must be also LU equivalent. Therefore our LU invariants give rise to necessary conditions of LU equivalence for multipartite mixed states too.
